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Modeling of trace element fractionation during non-modal dynamic melting with linear
variations in mineral/melt distribution coefficients
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Abstract—Recently significant advancement has been made in the modeling of trace element fractionation
during dynamic melting. Some of the theoretical treatments that have contributed to the advancement took into
account the variations in source mineral proportions, but all of them assumed constant mineral/melt distri-
bution coefficients. This study introduces linear variations of mineral/melt distribution coefficients into the
dynamic melting model. Analytical solutions are provided for this model with variations not only in source
mineral proportions but also in mineral/melt distribution coefficients. Applications of these equations to
mantle melting to incorporate variable clinopyroxene/melt distribution coefficients during initial stages of
melting can reduce the required involvement of garnet for the generation of mid-ocean ridge basalts. The
effects of variable mineral/melt distribution coefficients on trace element fractionation need to be carefully
assessed in trace element studies of the petrogenesis of igneous rocks and their melt inclusions.Copyright
© 2000 Elsevier Science Ltd

1. INTRODUCTION

Equations that describe trace element fractionation during
mantle melting are fundamental to the interpretation of chem-
ical compositions of igneous rocks. A recent significant
achievement in trace element modeling is the development of
the dynamic melting model (Langmuir et al., 1977; Maaløe,
1982; McKenzie, 1985; Maaløe and Johnson, 1986; Williams
and Gill, 1989; Pedersen and Hertogen, 1990; Sobolev and
Shimizu, 1992; Ozawa and Shimizu, 1995; Albare`de, 1995;
Zou and Zindler, 1996; Zou, 1998). In the context of dynamic
melting, when the degree of partial melting is less than the
critical mass porosity, there is no melt extraction; and when the
degree of partial melting is greater than the critical mass
porosity, any infinitesimal excess melt is extracted from the
residue. After melt extraction begins, there are three sub-
systems in an open system: the residual solid undergoing partial
melting, the interstitial melt which remains in equilibrium with
the residual solid, and the extracted melt that is formed from
continuous extraction of the residual melt and isolated from the
residual solid. Detailed sketches illustrating the dynamic melt-
ing model can be found in Figure 3 in McKenzie (1985), Figure
1 in Williams and Gill (1989), and Figures 1 and 3 in Zou
(1998). This model is supported by observations from ultra-
depleted melt inclusions in olivine grains (Sobolev and
Shimizu, 1993; Gurenko and Chaussidon, 1995; Shimizu,
1998), uranium-series disequilibrium data of young basalts
(e.g., Beattie, 1993; Chabaux and Alle`gre, 1994), and ex-
tremely depleted clinopyroxenes from abyssal peridotites
(Johnson, et al., 1990) and cumulates (Ross and Elthon, 1993).

During partial melting, the bulk distribution coefficient for
the solid source is defined by Shaw (1970) as

Ds/f 5 SxiKi (1)

wherexi is the mass fraction of phasei in the solid, andKi is the
mineral/melt distribution coefficient of phasei (a complete list
of symbols is available in Appendix A for easy reference).
Even though some studies (Pedersen and Hertogen, 1990;
Sobolev and Shimizu 1992; Ozawa and Shimizu, 1995; Zou,
1998) have considered the variation ofxi during melting, con-
stantKi was assumed in all previous theoretical treatments of
dynamic melting. However, it has been demonstrated that min-
eral/melt distribution coefficients are functions of temperature,
pressure, and bulk composition of solid and liquid phases (e.g.,
Baker et al., 1995; Blundy et al., 1998). As the accuracy of
estimated distribution coefficients is getting better, it is useful
to consider the effects of variable distribution coefficients. The
main aim of this paper is to introduce linear variations of
mineral/melt distribution coefficients into the dynamic melting
model so as to derive the equations that take into account not
only changes in mineral proportions but also variations in
mineral/melt distribution coefficients. In addition, the effects of
variations in mineral/melt distribution coefficients on trace
element fractionation are evaluated and the geochemical appli-
cations of these equations are also discussed.

2. DERIVATION

In a way similar to that of Shaw (1970) for perfect fractional
melting, we defineM0 to be the initial mass andML the mass of
the extracted melt. Thus (M02ML) is the mass of the total
residue, which includes the residual melt and the residual solid
in dynamic melting. Similarly,m0 is defined to be the mass of
the element in question in the initial solid andmL the mass
of the element in the extracted melt, and (m02mL) is the mass of
the element in the total residue. Therefore, the concentration of
the element of the last increment of the extracted melt is
dmL/dMLand the concentration of the element in the total res-
idue is (m02mL)/(M02ML). Let Deff be the effective distribu-
tion coefficient of the element, which is the ratio of the con-
centration of the element in the total residue over the
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concentration of the element in the last increment of the ex-
tracted melt, we have

Deff 5 S m0 2 mL

M0 2 ML
DYS dmL

dML
D (2)

We define the mass fraction of the extracted melt relative to the
initial source asX 5 ML/M0, the source concentration of the
element asC0 5 m0/M0, and the concentration in the extracted
melt asCL 5 mL/ML. With the above definitions, Eqn. 2 may
be written as

d~CL X!

C0 2 CL X
5

1

Deff

dX

1 2 X
(3)

To solve this differential equation, we need to expressDeff as a
function of X. For dynamic melting, the mass porosity (F) is
defined asF 5 Mf/(Mf 1 Ms), whereMf is the mass of the
residual melt andMs is the mass of the residual solid. The
effective distribution coefficientDeff is related to the bulk
distribution coefficient of the residual solidDs/f in the following
way

Deff 5 F 1 ~1 2 F! Ds/f (4)

The mass conservation for phasei gives

M0(12F)xi 1 M0Fpi 5 M0x0
i (5)

wherepi is the fractional contribution of phasei to the melt,x0
i

is the initial fraction of phasei in the source,M0(12F) is the
mass of the residual solid, andM0F is the mass of the total melt
(residual melt1 extracted melt). Eqn. 5 may be rewritten as

xi~F! 5
x0

i 2 Fpi

1 2 F
(6)

Similar to the methods used by Greenland (1970) for perfect
fractional crystallization and those used by Hertogen and Gij-
bels (1976) for perfect fractional melting, we assume that the
mineral/melt distribution coefficientKi is a function of the
degree of partial melting (F). Although the fundamental vari-
ables forKi are temperatures, pressures, and chemical compo-
sitions, we chooseF as the independent variable due to prac-
tical considerations to avoid too many unconstrained
parameters. We then expandKi(F) in a Taylor series and only
retain terms up to the first order

Ki~F! 5 K0
i 1 aiF (7)

The above simple assumption of linear variation ofKi(F) as a
function of F is at least appropriate for evaluating the major
effects of decreasing or increasing distribution coefficients
(Greenland, 1970; Hertogen and Gijbel, 1976). More compli-
cated forms of the distribution coefficients as a function ofF
can also be assumed; however, they involve more parameters
and do not necessarily better describe the variations in distri-
bution coefficients. A combination of Eqns. 1, 6, and 7 results
in

Ds/f 5 S xi~F! Ki~F! 5 S
x0

i 2 Fpi

1 2 F
~K0

i 1 aiF! (8)

The following relationship betweenF and X, which is the

fraction of the extracted melt relative to the initial solid, is
necessary to expressDs/f as a function ofX (Zou, 1998)

F 5 F 1 ~1 2 F! X (9)

Substituting Eqn. 9 into Eqn. 8, we obtain

Ds/f 5 S
x0

i 2 @F 1 ~1 2 F! X# pi

1 2 @F 1 ~1 2 F! X#
$K0

i 1 ai @F 1 ~1

2 F! X#% (10)

If F 5 0 andai 5 0 for all i, which is the case for perfect
fractional melting with constant mineral/melt distribution co-
efficients, Eqn. 10 reduces to the following equation of Shaw
(1970):Ds/f 5 (D02 P0F)/(12F), whereD0 5 Sx0

i K0
i is the

initial bulk distribution coefficient andP0 5 SpiK0
i is the

weighted distribution coefficient of the total melt. Substituting
Eqn. 10 into Eqn. 4, we finally expressDeff as a function ofX

Deff 5
1

1 2 X
~ AX2 1 BX 1 Q! (11)

Fig. 1. Variations of bulk distribution coefficients (Ds/f) as a function
of total melting degree (F) according to Eqn. 8 in the cases where
D0 , P0 and whereD0 . P0, respectively. For these hypothetical
examples, it is assumed thatD0 5 0.10 andP0 5 0.20 for thefirst
case andD0 5 0.10 andP0 5 0.02 for thesecond case. The residual
solid phases are assumed to have the sameai for simplicity.
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where

A 5 2~Sai pi!~1 2 F!2 (12)

B 5 2F 2 ~P0 2 Sai x0
i !~1 2 F! 2 2F~1 2 F!~Sai pi!

(13)
and

Q 5 F 1 D0 2 F~P0 2 Sai x0
i ! 2 ~Sai pi!F2 (14)

A combination of Eqns. 3 and 11 gives us

d~XCL!

C0 2 XCL

5
dX

AX2 1 BX 1 Q
(15)

When allai 5 0, in other words,A 5 0, then according to Eqns.
13 and 14, we obtainB 5 2F2P0(12F) and Q 5 D0 1
F(12P0). Therefore, Eqn. 15 reduces to

d~XCL!

C0 2 XCL

5
dX

@2F 2 P0~1 2 F!#X 1 @D0 1 F~1 2 P0!#

(16)

The solution to Eqn. 16 is

CL 5
C0

X H 1 2 F1 2
X@P0 1 F~1 2 P0!#

D0 1 F~1 2 P0!
G 1/@F1(12F)P0#J

(17)

which is Eqn. 34 in Zou (1998) for nonmodal dynamic melting
with constant mineral/melt distribution coefficients obtained
from a different approach.

When AÞ0, the solutions to Eqn. 15 have the following
three cases. IfD 5 B224AQ . 0, then

CL 5
C0

X
H 1 2 U ~2AX 1 B 1 h!~B 2 h!

~2AX 1 B 2 h!~B 1 h!
U

1
hJ (18a)

Cf 5
d~XCL!

dX
5 C0

B 2 h

B 1 h

4A

~2AX 1 B 2 h!2

U ~2AX 1 B 1 h!~B 2 h!

~2AX 1 B 2 h!~B 1 h!
U ~1/h!21

(18b)

where

h 5 ÎB2 2 4AQ; (18c)

if D 5 0, then

CL 5
C0

X F 1 2 expS 2

2AX 1 B
2

2

BDG (19a)

Cf 5
4AC0

~2AX 1 B!2 expS 2

2AX 1 B
2

2

BD (19b)

and if D , 0, then

CL 5
C0

X H 1 2 expF2

k Sarctan
B

k
2 arctan

2AX 1 B

k DGJ
(20a)

Cf 5
4AC0

k2

1

1 1 S2AX 1 B

k D 2

expF2

k Sarctan
B

k
2 arctan

2AX 1 B

k DG (20b)

where

k 5 Î4AQ 2 B2. (20c)

For all the above three cases, the concentration in the residual
solid is

Cs 5 Ds/f Cf (21)

whereDs/f is given by Eqn. 10, and the concentration for the
total residue is

Cres 5 CfF 1 Cs~1 2 F! (22)

It can be verified that all these solutions satisfy the mass
balance requirement

CLX 1 Cres~1 2 X! 5 C0 (23)

It is noted that Eqns. 18–20 forCL and Cf are suitable for

Table 1. The initial and the final mineral/melt partition coefficients for Nd, Yb, and Co.

ConstantKi IncreasingKi DecreasingKi

cpx opx ol gt cpx opx ol gt cpx opx ol gt

Nd F 5 0 0.19 0.01 0.002 0.057 0.19 0.01 0.002 0.057 0.19 0.01 0.002 0.057
F 5 Fmax 0.19 0.01 0.002 0.057 0.38 0.02 0.004 0.114 0.095 0.005 0.001 0.0285

Yb F 5 0 0.50 0.075 0.059 7.0 0.50 0.075 0.059 7.0 0.50 0.075 0.059 7.0
F 5 Fmax 0.50 0.075 0.059 7.0 1.00 0.150 0.118 14.0 0.25 0.0375 0.0295 3.5

Co F 5 0 2.0 1.2 2.0 3.9 2.0 1.2 2.0 3.9 2.0 1.2 2.0 3.9
F 5 Fmax 2.0 1.2 2.0 3.9 4.0 2.4 4.0 7.8 1.0 0.6 1.0 1.95

Sources of distribution coefficients for constantKi: Nd and Yb, Table A1 of Johnson et al. (1990); Co, Table A1 of Frey et al. (1978). In the
calculation for Figures 2–4, the mineral compositions of the initial solid arex0

cpx 5 0.15, x0
opx 5 0.20, x0

ol 5 0.55, x0
gt 5 0.10 and the melting

proportions arepcpx 5 0.25,popx 5 0.12,pol 5 0.13,pgt 5 0.50 (Johnson et al., 1990). Other parameters chosen:Fmax5 15% andF 5 0.1%. cpx5
clinopyroxene, opx5 orthopyroxene, ol5 olivine, and gt5 garnet. The final distribution coefficients are two times for increasingKi and half for
decreasingKi as the initial values.
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dynamic melting whenF . F. In the case whereF # F,
there is no melt extraction and the mass balance equation gives

CfFM0 1 Cs~1 2 F! M0 5 C0M0 (24)

or,

Cf 5
C0

F 1 Ds/f ~1 2 F!
(25)

Substituting Eqn. 8 into Eqn. 24, we obtain

Cf 5
C0

F 1 S~ x90
i 2 Fpi!~K0

i 1 aiF!
(26)

or,

Cf 5
C0

D0 1 F~1 2 P0! 1 Sai~ x0
i F 2 piF2!

(27)

as a result ofD0 5 Sx0
i K0

i andP0 5 SpiK0
i . If ai 5 0 for all

i , Eqn. 27 reduces toCf 5 C0/[D0 1 F(12P0)], which is the
well-known nonmodal batch melting Eqn. 15 of Shaw (1970)
with constant mineral/melt distribution coefficients.

In summary, for nonmodal dynamic melting with linear
variation of mineral/melt distribution coefficients, when
F # F, we use Eqn. 27; whenF . F, we choose Eqns. 18,
19, or 20, depending on the value of the discriminantD. For
nonmodal dynamic melting with constant mineral/melt distri-
bution coefficients (ai 5 0 and thusA 5 0), we need to use the
previously available equations (Pedersen and Hertogen, 1990;
Sobolev and Shimizu, 1992; Zou, 1998).

3. DISCUSSION AND APPLICATIONS

3.1. Variations of Bulk Distribution Coefficients Ds/f

If we consider the variation inxi while keepingKi fixed, the
bulk distribution coefficient has been given by Shaw (1970) as
Ds/f 5 (D0 2 P0F)(12F). Consequently, we haved(Ds/f)/
dF 5 (D0 2 P0)/(12F)2. If D0 , P0, thend(Ds/f)/dF , 0
andDs/f decreases as melting proceeds (Fig. 1a);and if D0 .
P0, then d(Ds/f)/dF . 0 and Ds/f increases during melting
(Fig. 1b). In fact, the relationshipD0 , P0 implies the prefer-
ential melting of the minerals with high mineral/melt distribu-
tion coefficients and thus the solid residue is left with higher
proportions of minerals of low distribution coefficients; the
opposite is true for the case whereD0 . P0.

If we consider the variations in bothxi andKi, the change of
Ds/f is more complex, and the effects of the mineral proportions
and the mineral/melt distribution coefficients on the bulk dis-
tribution coefficient may be similar or opposite. When
D0 , P0 (Fig. 1a), if mineral/melt distribution coefficients are
decreasing (ai , 0), Ds/f decreases even faster than traditional
nonmodal melting model (ai 5 0); if ai . 0, the preferential
melting of the minerals with high distribution coefficients tends
to decreaseDs/f, whereas the increase of individual mineral
distribution coefficients tends to increaseDs/f. The net result of
the two opposite effects will determine the actual variation of
Ds/f (Fig. 1a). Consequently, it is important to realize that, for
the case whereD0 , P0, even though the minerals with high
distribution coefficients preferentially enter the melt during
partial melting, there is a possibility that the bulk distribution

coefficient of an element may increase due to the possible
increase of mineral/melt distribution coefficients. Similarly, for
the case whereD0 . P0 (Fig. 1b), even though the minerals
with low distribution coefficients enter the melt preferentially,
there is a chance that the bulk distribution coefficient may
decrease as a result of the decreasing mineral/melt distribution
coefficients. As far as mantle melting in the spinel stability field
is concerned, available experiments have indicatedD0 , P0

andacpx , 0 for Ti and Lu (Baker et al., 1995; Blundy et al.,
1998).

3.2. Effects of Varying Mineral/Melt Distribution
Coefficients

We select three trace elements with different levels of bulk
distribution coefficients, Nd (an incompatible element), Yb (a
not-so-incompatible element), and Co (a compatible element).
We will compare the effects of variable mineral/melt distribu-
tion coefficients on trace element fractionation by studying the
following three cases:

1. the mineral/melt distribution coefficients of all three ele-
ments gradually increase to two folds at the maximum
degree of partial melting;

2. the mineral/melt distribution coefficients remain constant;
and

3. the mineral/melt distribution coefficients of all three ele-
ments gradually decrease to half of their initial values at the
maximum degree of melting.

The related modeling parameters are listed in Table 1 and an
example of step-by-step calculation for Nd withX 5 5% is
given in Appendix B.

The effects of mineral/melt distribution coefficient variations
on trace element fractionation in general vary with elements
and subsystems (the extracted melt, the residual melt, and the
residual solid). For Nd, the effects of varying mineral/melt
distribution coefficients are small for both the extracted melt
(Fig. 2a) and the residual melt (Fig. 2b) but are noted for the
residual solid (Fig. 2c).

For Yb, the effects are significant for the extracted melt (Fig.
3a), the residual melt (Fig. 3b), and the residual solid (Fig. 3c),
particularly at high degrees of melting.

As for Co, the effects are marked for both the extracted melt
(Fig. 4a) and the residual melt (Fig. 4b), particularly at high
degrees of melting. But the effects are very small for the
residual solid (Fig. 4c).

It is noted that there are cases where the distribution coeffi-
cients in some minerals increase while those in other minerals
decrease with the degree of partial melting. The net result is to
reduce the effect of variableKi. Also note that mineral/melt
distribution coefficients may decrease by a factor of four during
melting (e.g., Baker et al., 1995; Blundy et al., 1998), which
can magnify the effect of variableKi.

3.3. Geochemical Applications

There are only a few experimental studies on the changes of
mineral/melt distribution coefficients as a function ofF. Avail-
able data have showed nearly linear variations in cpx/melt
distribution coefficients for Ti and Lu withF (Baker et al.,
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1995; Blundy et al., 1998). Based on Fig. 2c of Baker et al.
(1995), we obtainK0

cpx 5 0.60 andacpx 5 24.0 for Ti when
F # 0.10. Similarly, according to Figure 5 of Blundy et al.
(1998), we haveK0

cpx 5 1.75 andacpx 5 211.5 for Luwhen
F # 0.10. Conventional models of mantle melting in spinel-
stability field generally use constantKcpx obtained at high
degrees of melting. By taking account of high but varyingKcpx

at low degrees of melting, the equations here can yield quite
different results for Lu to the conventional constantKcpx mod-
els (Fig. 5a–5c). For example, whenX increases from 0.0025 to
0.10, the calculated source-normalized Lu concentrations in the

extracted melt from spinel peridotite mantle change from 3.1 to
4.6 using the equations here but vary from 10.8 to 7.3 according
to the constantKcpx dynamic melting model. Compared with
the constantKcpx model, the low Lu concentrations in the
extracted melt calculated from variableKcpx model for spinel
peridotitie melting are much closer to the results for melting of
slightly depleted garnet peridotites (Fig. 5a). Due to the more
garnet-like behavior of clinopyroxene at low degrees of melting
(Blundy et al., 1998), modeling using the equations here can
reduce the required involvement of garnet in the melting region
beneath mid-ocean ridges (Salters and Hart, 1989; Salters, 1996).

Fig. 2. The concentrations of Nd normalized to its initial source
concentration in the extracted melt, the residual melt, and the residual
solid, produced by nonmodal dynamic melting of a garnet peridotite
source with constantKi, increasingKi, and decreasingKi, respectively.
The related parameters are given in Table 1.

Fig. 3. The concentrations of Yb normalized to its initial source
concentration in the extracted melt, the residual melt, and the residual
solid, respectively, produced by nonmodal dynamic melting of a garnet
peridotite source with constantKi, increasingKi, and decreasingKi,
respectively. The related parameters are given in Table 1.
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If the dramatic changes ofKcpx in near-solidus melting for Ti
and Lu are general for other elements and mineral-melt cou-
ples, then we must be more careful in the interpretation of trace
element patterns in basalts, melt inclusions, and residual cli-
nopyroxenes and peridotites. Certain elemental ratios (e.g.,
K2O/TiO2) thought to be constant during melting may, in fact,
vary for low-degree partial melts (Baker et al., 1995). There-
fore, the changes in distribution coefficients must be more
carefully assessed in the practice of using some elemental ratios
to characterize mantle source compositions. Clearly, compre-
hensive applications of the equations here to better understand-

Fig. 4. The concentrations of Co normalized to its initial source
concentration in the extracted melt, the residual melt, and the residual
solid, produced by nonmodal dynamic melting of a garnet peridotite
source with constantKi, increasingKi, and decreasingKi, respectively.
The related parameters are given in Table 1.

Fig. 5. The source normalized Lu concentrations in the extracted
melt, the residual melt, and the residual solid, respectively, produced by
nonmodal dynamic melting of a spinel peridotite source with constant
Kcpx and decreasingKcpx, respectively. Even for the case with decreas-
ing Kcpx, the distribution coefficients for other minerals (ol, opx, and
sp) are assumed constant. The source-normalized Lu concentrations
produced by nonmodal dynamic melting of a slightly depleted garnet
peridotite source with decreasingKcpx andKgt are also calculated for
comparison. The composition of the spinel peridotites is 0.55 ol1 0.25
opx 1 0.18 cpx1 0.02 sp and the melting mode is 0.10 ol1 0.20 opx
1 0.68 cpx1 0.02 sp (Johnson et al., 1990). The composition of the
slightly depleted garnet peridotites is 0.66 ol1 0.20 opx1 0.08 cpx1
0.06 gt (Maaløe and Aoki, 1977) and the melting mode is 0.03 ol1
0.03 opx1 0.44 cpx1 0.50 gt (Johnson et al., 1990). Distribution
coefficients for Lu areK0

ol 5 0.0048,K0
opx 5 0.038,K0

gt 5 7 (set 1
by Frey et al., 1978), andK0

cpx 5 1.75 (Blundy et al., 1998). Other
parameters chosen:acpx 5 211.5 andagt 5 246.6, andF 5 0.1%.
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ing of trace element fractionation during melting require much
more experimental data on trace element partitioning.

Eqns. 18–20 are valid for linear variations (i.e., constantai) of
mineral/melt distribution coefficients. It is possible thatai may
change as melting proceeds. For example, Figure 2 of Baker et al.
(1995) and Figure 5 of Blundy et al. (1998) show that experimen-
tally-determinedKcpx for Ti and Lu falls rapidly with increasingF
whenF # 10% and very slowly whenF . 10%. This suggests a
large negativeacpx (i.e., the slope inKcpx vs. F diagram) for
F % 10% and a small negativeacpx for F . 10%. In this case, the
trace element concentrations for high-degree melts (F . 10%) can
be calculated from step-wise numerical methods by simply apply-
ing the calculation here to an approach that uses a differentai for
each of the two melting intervals.

To sum up, this paper provides solutions for the nonmodal
dynamic melting model with varying mineral/melt distribution
coefficients and evaluates the effects of the mineral/melt dis-
tribution coefficient variations on trace element fractionation.
In general, for the same percentage of distribution coefficient
variations, the effects will be more significant for not-so-in-
compatible elements (e.g., Yb) in all subsystems and for com-
patible elements in the extracted melt and the residual melt,
particularly at high degrees of melting. On the other hand, the
incompatible element fractionation in the extracted melt and
the residual melt is not very sensitive to the distribution coef-
ficient variations. Modeling using varying distribution coeffi-
cients can reduce the required involvement of garnet in the
generation of mid-ocean ridge basalts. When using trace ele-
ment concentrations or ratios to study the petrogenesis of
igneous rocks and their inclusions, we need to carefully eval-
uate the effects of changing mineral/melt distribution coeffi-
cients for the related trace elements. More experimental data on
trace element partitioning, particularly at low degrees of melt-
ing, are needed in order to apply the equations here to a wide
range of geochemical studies.
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APPENDIX A: NOTATIONS

M0 the total mass of the initial solid
ML, Mf, Ms the mass of the extracted melt, the residual melt, and the

residual solid, respectively
m0 the total mass of an element in the initial solid
mL, mf , ms the mass of an element in the extracted melt, the residual

melt, and the residual solid, respectively
C0 m0 /M0, the concentration of an element in the initial

solid source
CL mL /ML, the concentration of an element in the extracted

melt
Cf mf /Mf , the concentration of an element in the residual

melt
Cs ms/Ms, the concentration of an element in the residual

solid
Cres 5 (mf 1 ms)/(Mf 1 Ms), the concentration of an

element in the total residue
F 5 (Mf 1 ML)/M0, the total degree of partial melting,

i.e., the fraction of the initial solid that is converted
into melt (residual melt and extracted melt)

X 5 ML/M0, the fraction of extracted melt relative to the
initial solid

pi the fractional contribution of phasei to the melt
x0

i the mass fraction of phasei in the initial solid
xi the mass fraction of phasei in the solid during melting
K0

i the mineral/melt distribution coefficient for phasei in
the initial solid

Ki the mineral/melt distribution coefficient for phasei dur-
ing melting

D0 5 S x0
i K0

i , the initial bulk distribution coefficient
P0 5 S pi K0

i , the weighted distribution coefficient of the
melt

Ds/f the bulk solid/melt distribution coefficient during melt-
ing

Deff the effective distribution coefficient defined in Eqn. 3
F the critical mass porosity
ai the variation rate of distribution coefficient for phasei

defined in Eqn. 7

APPENDIX B: AN EXAMPLE

The following example is a step-by-step calculation of the source-
normalized Nd concentration in all subsystems for the case of increas-
ing Ki with X 5 5%. The related parameters are from Table 1.

(1) Calculation ofai

Given Fmax 5 0.15, according to Eqn. 7, we have

acpx 5 ~Kmax
cpx 2 K0

cpx!/Fmax 5 ~0.382 0.19!/0.155 1.267
(AP1)

Similarly, aopx 5 0.067,aol 5 0.013, andagt 5 0.380.

(2) Calculation ofD0, P0, S ai x0
i , andSai pi

D0 5 S x0
i K0

i 5 x0
cpxK0

cpx 1 x0
opxK0

opx 1 x0
ol K0

ol 1 x0
gtK0

gt

5 0.153 0.191 0.203 0.011 0.553 0.0021 0.103 0.057
5 0.0373 (AP2)

P0 5 S pi K0
i 5 pcpxK0

cpx 1 popxK0
opx 1 pol K0

ol 1 pgtK0
gt

5 0.253 0.191 0.123 0.011 0.133 0.0021 0.503 0.057
5 0.0775 (AP3)

S aix0
i 5 acpxx0

cpx 1 aopxx0
opx 1 aolx0

ol 1 agtx0
gt

5 1.2673 0.151 0.0673 0.201 0.0133 0.55
10.38030.105 0.2486 (AP4)

S ai pi 5 acpxpcpx 1 aopxpopx 1 aol pol 1 agtpgt

5 1.2673 0.251 0.0673 0.121 0.0133 0.13
10.3830.505 0.5165 (AP5)

(3) Calculation of A, B, Q, andD

A 5 20.51653 (1 2 0.001)2 5 20.5155
B 5 20.0012 (0.07752 0.2486)(12 0.001)

2 2 3 0.0013 (1 2 0.001)3 0.5165
5 0.1689

Q 5 0.001 1 0.0373 2 0.001 3 (0.0775 2 0.2486)
2 0.5165 3 0.0012 5 0.0385

D 5 0.16892 2 4 3 ( 2 0.5155) 3 0.0385 5 0.1079

SinceD . 0, we will choose Eqn. 18 to calculate concentrations in step
(4).

(4) Calculation of the concentrations in all subsystems

h 5 ÎB2 2 4AQ 5 0.3285. (AP6)

Substituting all parameters into Eqns. 18a and 18b, we obtain

CL
Nd/C0

Nd 5 13.886 (AP7)

Cf
Nd/D0

Nd 5 6.696 (AP7a)

According to Eqn. 11,

Deff 5 0.04806

Based on Eqn. 3,

Ds/f 5 0.0471

From Eqns. 21 and 22, we have

Cs
Nd/C0

Nd 5 0.3154 (AP8)

Cres
Nd/C0

Nd 5 0.3218 (AP8a)

It can be verified that, forX 5 0.05, the solutions satisfy Eqn. 23 for
the mass balance requirement,

XCL/C0
Nd 1 ~1 2 X!Cres

Nd/C0
Nd 5 0.053 13.8861 ~1 2 0.05!

3 0.32185 1 (AP9)
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